The stochastic stability of a charged particle beam propagating in a randomly unhomogcneous medmm Is analyzed using an internal test particle approach. The effect of the random medium ns included by adding a stochastic fluctuating term m the neutrahzatmn factor~. The effects o1 ~eakly colored noise and of fluctuation~ called telegraphic noise, i c t~o ~alucd Markov proce,,,,, are *,tudted. The exact ~olutlon of the telegrapht4t nonce n,, compared ~ Lth the approximate solution corresponding to the weakl~ colored notre. ~h0ch ~as oblamed u~mg the Stratonovich approach, by means of an expan.,ion technique It i, concluded that the beam is ak~a.v,, probabihstically uw, tablc. ~hcne~er the po~cr ~pcctral den~ltx of the fluctuations contam,~ a component at the frequent} of the radn,~l o',cdlMion', o1" the test particles.
I. Introduction
The motion of a test particle inside an infinitely long. cylindrically symmetric relativistic non-neutral charged particle beam propagating in a plasma medium parallel to an uniform external magnetic field is governed by: the radial electric field produced by the .. beam current: the external magnetic field: as well as the degree in which the medium is abic to neutralize the beam current and charge [1.21. The effect of the medium on the motion of the test particle is usually taken into account by parameters in the equations of motion called space charge and current neutralization factors. In the standard analysis these parameters are assumed constant: however, when the medium is randomly unhomogeneous, due to fluctuations produced by turbulence, the neutralization factors are not constant anymore and in general they become random functions of time.
The fluctuations in a physical system may have diffcrent origins. One typc of fluctuations occurring in a beam-plasma system are those produced by the microscopic nature of the collision processes that take place. In this case, if it can be assumed that the velocity of the test particle in the beam constitutes a Markov process, {o(t)}, then the conditional probability density function P(o, tie o, 0) satisfies a Chapman-Kolmogorov equation and is therefore completely specified by its transition probability per unit time. This type of fuctuations are usually referred to as internal noise, since these .",,'e an intrinsic part of the evolution mechanism of the system, and cannot be eliminated. If we could solve the master equation exactly the Markov process {v(t)} would be completely known; this is not possible in general, and one has to use approximate techniques to obtain the solution. In some special cases [3] [4] [5] [6] , techniques have been developed to study the evolution of systems with internal noise.
On the other hand, when a charged particle beam is moving in a plasma, many types of linear and nonlinear instabilities may develop which lead to turbulence in the system. The rigorous treatment of this problem consists in studying the behavior of the beam-plasma system self-consistently; this means that the power spectral density of the fluctuations produced by the turbulence that affect the behavior of the system, should be calculated using the spectrum of the instabilities developed by the system itself. This is in general a formidable task and some approximations should be done in order to gain some insight to the problem.
In many cases a simplified approach is used, which consists in assuming that the spectrum of fluctuations is known, and then the behavior of the system in such a turbulent medium is analyzed. In this approximation the perturbations are thought to be an external source of noise coupled to a noiseless system. This type of noise is assumed to be independent of the system and not affected by it [5] .
This latter approach is the one used in this work. To further simplify the problem we restrict ourselves to the study of the motion of test particles inside the beam, when random perturbations in the medium in which it propagates are present. Thus, the equation of motion of the test particles inside the beam will be governed by stochastic differential equations, i.e. differential equations whose parameters contain random functions of time [7] . Some of the stochastic fluctuations generally assumed in the study of physical systems subject to external noise and which are used in this work are: Gaussian white noise; arbitrary fluctuations with short correlation times, i.e. weakly colored noise; and a two valued Markov process, also called telegraphic noise.
Dynamical systems driven by white noise have been subject to a controversy, which has been referred to as the It6-Stratonovich dilemma [8, 9] . However, Gray et ai. [10] , Mortensen [11] , and van Kampen [12] have concluded that, although both approaches are mathematically correct, Stratonovieh rules are better suited for the study of physical systems subject to white noise, since this type of noise is only a mathematical idealization. Hence, in this work, the white noise results are obtained from the Stratonovich results for weakly colored noise as a limiting case.
This paper has been organized as follows: Section 2 describes the physical model adopted here for the description of the motion of the test particles in the beam, together with some of the characteristics of their behavior when the neutralization factors contain random fluctuations. In section 3, the case of weakly colored noise is studied using the Stratonovich approach [9, 13] ; the stability in the mean and in the mean squared is analyzed using the RouthHurwitz criterion [14] . As a particular case, the white noise and its implications is also discussed in this part. Finally, in section 4, the case of binary telegraphist signal perturbations is considered and the exact solution is obtained.
Comparison of this exact solution, valid regardless of the magnitude and correlation time of the fluctuations, with the corresponding approximate solution obtained with the Stratonovich approach is done following an expansion technique.
The physical model
In order to simplify the analysis, we assume that the beam particles do not suffer from collisions and move a|ong the z-direction with relativistic constant velocity v=; the transverse motion of the particles is taken to be not relativistic. By doing this, we neglect the effect of the radial motion of the particles in the z-component of the relativistic momentum myv. With these assumptions, the transverse equations of motion of a particle of charge q and rest mass m, inside a particle beam moving along a constant uniform external magnetic field 
where to(R)-dO/dt, and is obtained from the conservation of the canonical angular momentum per unit mass,
The special case of constant radius trajectories, R~, are obtained requiring that the second term in eq. (5) is equal to zero; this leads to the following allowable angular velocities [2] :
when to,", > 0. It is easily seen from eqs. (6) and (7) that the angular momentum per unit mass, L, is given by
from where it follows that L depends only' on the equilibrium radius R~, when to. is constant, or that the equilibrium radius is determined once ~,, and L are specified.
Solving eq. (6) for to, and substituting in eq. (5) we obtain the following equation for R(t):
the solution of this equation is bounded if to~ > 0. In the phase space R-/~, the trajectories form closed curves tha t satisfy the following equation:
IRi-"
where K is the maximum radial velocity of the ,-'-"';"~" Seo fig If the beam is propagating in a random medium, the neutralization factors are stochastic functions of time; it can be demonstrated that the canonical angular momentum per unit mass, L, defined in eq. (6) remains a constant of motion even in the presence of fluctuations in the neutralization factors as long as the external magnetic field Bo is constant. Thus, when the neutralization factors fq and f,, randomly fluctuate, according to eq. (8) the equilibrium radius R c is also fluctuating, and the test particle trajectories in the phase plane will be a sequence of paths centered around the instantaneous position of the equilibrium state. In fig. 2 we illustrate this for the case of telegraphic noise; as shown in this figure, the subpaths in the phase plane are centered in two different equilibrium points, since oh) can acquire only two values.
Using the fact that L remains a constant of motion when the neutralization factors are functions of time, yielding to 0 time dependent, the following exact differential equation for R2(t) can be derived from eq. (9):
if follows from this equation that if the neutralization factors are constant, the square value of the radial position is given by
where Ao and A~ are constants of integration. We shall point out here that the frequency of the radial oscillations. 2co(,, is independent of both the angular momentum and the maximum radial velocity; in other words, it is determined only by the physical characteristics of the medium in which the beam is moving.
In order to study the influence of random fluctuations in the neutralization factors on the motion of test particles, in the next sections we assume that different types of noise affect the neutralization factors. To determine the stochastic stability we need to analyze the behavior of the mean position of the test particles, (x) and (y), as well as the dispersion around this mean position, which is given
Since the mean square radius is (R 2) = (x 2) + (y2), the stochastic stability will be determined only by the behavior of the mean position and the mean square radius of the test particles. It is in this sense that we say that, if (R 2) grows in time, even if the mean position is bounded, the beam is probabilistically unstable. The physical meaning consists in that the probability of finding a test particle farther and farther away from the center of the beam is always increasing in time even if its mean position is bounded. Middle: Fluctuations in the equilibrium radius induced by these perturbations. Bottom: Corresponding phase space trajectory of an internal test particle.
Weakly colored noise
In this section, the Stratonovich approach [9.13] for the analysis of stochastic differential equations is used to analyze the case where the neutralization factors contain arbitrary fluctuations with short correlation times, i.e. weakly colored noise; from these results the effect of white noise perturbations is obtained as a particular case.
Stratonovich requires the starting set of equations to be in the following format:
where x represents the state vector. ~ is a smallness parameter used by Stratonovich as an expansion parameter and q~ is a random variable with probability density function D(~0). Thus, given an initial condition x o. different realizations of the process {x(t)} are obtained for different outcomes of ¢ [3] .
The conditional probability density function P(x, t[x,, 0) is obtained from
where x(t: x0]~0 ) is the solution of eq. (13) given the initial condition x~,, for a given outcome of the random variable ,p. Starting from eqs. (13) and (14) the following Fokker-Pianck like equation to be satisfied by P(x, t]x,,O) [which will be abbreviated from now on to P(x, t)], for times greater than the correlation times of the fluctuations, can be obtained, see appendix ,4: n,(x, t)-f
t; (
for the mean, and
for the covariances of F(x, t; qO.
Analysis of the stability in the mean
In order to simplify the application of the Stratonovich technique, we make the transformation (18) where Z(t) is a complex function of time; after substitution in eq. (4) we obtain the following differential equation for Z(t):
S(t) = e -a~''' 2v Z(t) ,
where to~ has been defined in eq. (3) 
where E is the smallness parameter needed in the Stratonovich theory; and m(t; q~) is a realization of the random process {re(t)} generated given an outcome of the stochastic variable q~, which is assumed to have a probability density function D(q~); in eq. (20) was assumed that to~ #0. The random process {m(t)} will be chosen to be a stationary stochastic process with the following properties:
Eq. (20) is a second order differential equation which can be set as two coupled first order differential equations, and casted in the format required in eq. (13), by a change of variables, see appendix B; then a Fokker-Pianck-like equation can be obtained, for the conditional probability density function
P(Z,Z, t). Multiplying this equation by Z and integrating over all possibles
values of Z, and Z, the following approximate equation for the mean value, (Z(t)), is derived:
where terms of the order re't':3~ have been neglected.
This equation has been obtained before by other authors, using the Bourret approximation [7] . As pointed out by van Kampen [7] , the effect of colored noise is to produce a shift in the frequency, as weli as a damping in the averaged oscillations. If the second term of eq. (22) is negative, this damping is negative and the amplitude of the oscillations will grow in time; this happens if the fluctuations are particularly strong at twice the frequency of the unperturbed oscillators, i.e. 2w.; we shall point out that this value corresponds to the frequency of the radial oscillations of a test particle when w4-] is constant, as can be deduced from eq. (12) .
Since the term exp{-iO, t/2y} in eq. (18) produces only periodic rotations, the stability of the test particle is determined only by the time behavior of Z(t); thus, the mean position (S(t)) will be unstable if the magnitude of the power spectral density of the fluctuations evaluated at 2w, is larger than that at to = 0.
Mean square stability analysis
In order to analyze the behavior of the mean square radius in the presence of random fluctuations in the neutralization factors, we use eq. (11) . Assuming again that in the unperturbed case toe] ¢:0, when the neutralization factors suffer from random perturbations, we write again
where re(t; ~) is a realization of the random process {re(t)}, whose properties are specified in eq. (21). Thus, eq. (11) 
0
Since the last term in the above equation is proportional to the power spectral density evaluated at 2w,, the last term is always non-positive. According to the Routh-Hurwitz criterion, a necessary condition for the solution of a differential equation to be bounded is that the coefficients of the different terms in the equation should have the same sign [14] . This is not the case in eq. (25) and the mean square radius is therefore unstable, even for small magnitude fluctuations, whenever its power spectral density contains a component of frequency 2w 0, the frequency of the radial oscillations in an unperturbed beam, as discussed in the introduction. 
From the above results we can point out some of the short-comings of the u~e of white noise° at compared with the weakly colored noise. In this problem, white noise predicts always a stable mean, in fact these equations are identical to those of a noiseless beam; while in the weakly colored noise case, the mean may or may not be stable. The colored noise produces a shift in the frequency of the oscillations of the mean position, as compared to a noiseless beam. The white noise yields always an unstable mean square radius: the weakly colored noise predicts instability only when the power spectral density of the perturbations contains a component at the frequency of the radial oscillations.
In the next section, we find the exact solution to the case in which the fluctuations are of the telegraphic noise type. In order to compare later on the approximate results derived from Stratonovich's theory with those obtained in the next section, we need the correlation function of a telegraphic noise that takes only the values {+r/, -r/} with equal probability, as will be discussed in section 4. The correlation function of this random process is C(~')= ,-p r/" exp{-2AIT]} , where A is the mean reversal rate. Substituting this correlation function in eqs. (22) and (25), we obtain that the mean position is governed by 2Arl'w,~ R2
;:T "'( ) =o.
Expanding eqs. (31) and (32) in powers of the dimensionless parameter to,,/A, we get for the mean position
" e-rF-----w?' 1-to,, 
Telegraphic noise, an exact result
In this section, following a procedure by Akcasu and Hammouda [15] , is obtained the exact solution to the case in which the fluctuations in the neutralization factors form a Markov process {n(t)}, whose member functions take only two values: +~ or -7/; and makes independent jumps between these values following a Poisson distribution P(rn, t) = (At)" exp(-At)/m!, where rn is the number of jumps in a time interval of duration t, and A is the mean number of jumps per unit time.
Taking eq. (4) as the equation of motion in the S-plane and making the transformation in eq. (18), we obtain eq. (19). Assuming that the neutralization factors contain a fluctuating term with properties that were described above, we write eq. (19) as dzZ dt+ a~z°[l + n(t)lZ(t) = 0 ; (36) the solution of this equation for a given realization n(t) can be written as [16] z(t) = z,,x,(t) + L,x,(t), (37) where X~ (t) and X2(t ) are two real independent solutions of eq. (36), satisfying
The mean behavior of the solution of eq. (4) is then
(S(t)) = Zoe-"*"'"2~(Xt(t)) + Z,,e-a"' 2Y(X2(t)).
(39~ and the mean square radius is given by 2 ~ ° ~ 2
(Is(t)l z) = Izol (x;(t)) + 2 Re(Z~2o)(X,(t)Xz(t)) + Izol'{X2(t)),
where Re means "real part of". and Z~ denotes the complex conjugate of Z 0. 
such that the process { ~:, n} is Markov; this can be seen, since n(t) and ~(t) are 
The conditional probability density function P(~:, n, tl~.. n...0) of the Markov process { ~:, n } satisfies the following Chapman-Kolmogorov equation:
P(~,n,t+ At[~o,n,,,O) =-.~, dU e(~,n,t+Atl(;',m,t)P(~',m, tl~,,,no'O) "
n, --q for t, At > 0, 
n, tl~',m,t-At)P(U,m,t-Atl~,,no, O),
In order to derive a master equation, we need the following expression: 
P( t~, n, t[ ~',m,t-
where ~:[~, n, -At] is the increment in ~ for a given value n and an increment -At in time; using eq. (42) to calculate this increment, the following master equation is obtained: #, n, tl~o, n,,, 0) = ---MI,q~ + a[e(~, -,, tl #,,, n,,, 0 
which is the conditional average of the given function qS(,~) at time t, given n(0) = n o, and ~:(0) = ~o, where n(t) = +r/, if i = 1, or n(t) = -r/, if i = 2.
Since the initial value n,, in general cannot bc determined, the conditional average at time t, of d,(~), given ~:(0) = .~c,, must contain an avcragc over the initial values no; also since we are not interested in a particular value of n at the time t, we shall sum over the different values of i in eq. (51). Therefore. if g~(no) is the probability distribution of n at time t = 0, then 2 +r/ <~>= Z Z ~ (,1,,) ,,,,{~>,
/=1 nll---~ yields the conditional average at time t of ~b(.~) given ~:(0)= .~,,.
Assuming that !1,, takes the values (+ft. -rt) with equal probability, this is ~(n,,) =' _~ 6,,,,. +, + ! 8,,,,._.. and defining 
,f <oh(t)), -~ d~d~(~.)[P,(~,t[¢,,.+rl.O)+P,(~_,t[~,,,-n, OP]

<~(t)> = <,/,(t)>, + <4,(t)>,.
(54)
With the above results, the first order moments of cq',. (47) ,ield the following set of equations: 
where the initial conditions are now <x,>l <K,) l = . <x,>J,:..
In a similar way, after taking second order moments in eqs. (49), the following equations that determine the behavior of (X{), (X-'2) and (XtX_,) can be obtained: 
and
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which have to be solved with the initial conditions 
.).: (-y,) =-(X,X.),-<x,x:t.: ~,,,a ( r) -(:c, x2) + ix,:?,.).
We should point out here that eqs. (57)-(62) reduce to the case of a noise free beam, when r/= O. In what follows, we shall use these equations and study the stability of their solutions.
Analysis of the stability in the mean
The behavior of the mean position of test particles is given in eq. (39): in this expression the factor exp(-iOot/2y) represents only a rotational motion in the S-plane, thus, the stability in the mean is determined only by the behavior of (Xt(t)) and (X2(t) ). Taking the Laplace transform of eq. (57), the following characteristic equation is obtained: 
Applying the Routh-Hurwitz criterion [14] to the above equation, the necessary and sufficient conditions for stability of the solution of eq. (57) are ~o;>0, ~ < 1 + 4a-Ao;.
The first requirement is the neutral stability condition of a noiseless beam as discussed before, The second condition establishes a maximum value for the magnitude of the fluctuations, if the oscillations are to be damped.
We should point out that conditions in eq. (64) reduces to the conditions in eq. (35) in the approximation of short correlation time, i.e. when A/co. >> 1 and 7/is replaced by er/.
Mean square stability analysis
It is easily checked that eqs. (59) and (61) 
Comparison between the exact and Stratonovich results
In what follows we shall compare eq. (33), which was obtained using Stratonovich's method in section (3) for the particular case of the telegraphist signal, with the exact equations for the mean position, eqs. (57), following an expansion technique. Similarly, eq. (34) for the mean square radius obtained from the Stratonovich approach can bc compared with thc exact equations (59) "and (61), following the same technique, but only the results will be shown here.
A) Equation for the mean. in the case of telegraphic noise, the mean position is given by eq. (39) where (Xl(t)) and (X,_(t)) are obtained from eq. (57) with initial conditions (58). We notice tirst that eq. (57) can be written as two coupled differential equations, i.e which have to be solved with the following initial conditions:
Noticing that when r/= 0 eqs. (66) and (67) 
It is easily seen that using the above initial conditions eqs. (69) and (70) 
.(t) + k T ) q~t''''(t) + \ A +'""
Equating now the coefficients of equal powers of w./A. we obtain the coefficients {q~t.,,,,, i= 1,2 .... } in terms of Yt.,,_,(t) and its derivatives; substituting these coefficients in eq. (76) 
When we compare the equations that describe the behavior of the mean position, eqs. (33) and (79), it follows that Stratonovich's result is correct, if terms of the order (tOo/A) 4 and higher are neglected. Similarly, comparing the equations for the mean square radius, eqs. (34) and (83), it call be seen that Stratonovich's equation, eq. (34), is correct, if terms of the order (too/A) 3 and higher can be ignored.
Conclusions
A test particle approach was used to study the stability of a simplified model of a charged particle beam subject to stochastic fluctuations in the neutralization factors.
The effects of weakly colored and telegraphic noise on the system were studied, and the stability was determined using the Routh-Hurwitz criterion.
The effect of weakly colored noise was studied using the Stratonovich approach for stochastic differential equations. It is found that the mean position of the test particle will be unstable, if the magnitude of the power spectral density of the fluctuations evaluated at the frequency of the radial oscillations of the particles in an unperturbed beam is larger than its magnitude at zero frequency. In addition, the beam will be probabilistically unstable whenever the power spectral density of the perturbations contain a component at frequency 2~0 o, since in this case the mean square radius of the test particle is always an increasing function of time. The effect of white noise perturbations was obtained as a particular case of the weakly colored noise.
Finally, the exact solution for the case of telegraphic noise was obtained by means of the master equation of the process. It is found that the mean position of the test particle will be stable if the magnitude of the fluctuations satisfies certain constraints and if the unperturbed beam is neutrally stable. The mean square radius is always unstable regardless of the magnitude of the fluctuations. These exact solutions are compared with those obtained from the weakly colored case using an expansion technique; it is concluded that Stratonovich's results are correct when terms of the order (w0/A) 4 and higher are ignored in the equation for the mean. and when terms of the order (too/A) 3 and higher can be ignored in the equation for the mean square radius. However, when terms up to order (~o./a) ~ are included, the equation for the mean is a third order differential equation and the equation for the mean square a fourth order differential equation.
The conclusion is that within the limits of the model adopted in this work a relativistic charged particle beam is always unstable when the power spectral density of the fluctuations contains a component at the frequency of the radial oscillations of a test particle in an unperturbed beam. and using the shift operator, we can write the delta function as where summation over repeated indices is understood.
Appendix B
In order to cast eqs. (20) and (24) in the format required in Stratonovich's theory, eq. (13), we shall notice that these equations can be written in the following vector form [7, 13] 
dt (Y(t)) = A(V(t)) + eB(t)(Y(t))
+ e2 i dr B(t) eA*B(t --7) e -A~ (Y(t)) . (B.7)
Equation for the mean
In order to obtain the equation for the mean, eq. 
Equation for the mean square radius
In this case we define Substituting the above equations in (B.7) and using eq. (21), wc gct after a little algebra the equation foj thc mean square radiu~, cq. (25).
